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Abstract. A map 6 from the first r natural numbers to the power set of a set st of cardinality 
p.r is called an r-decomposition if 6 (i) n 6 (i) = $9, i # j, and US (i) = a. A stit (r of lr-decomposi- 
tiolls is an s-system oforder r if, for each index i, no two sets in the set {S(i)% EL O) satisfy an 
inclusion relation. Meshalkin proved that the cardinality of CJ cannot exceed ?I*, where 
This generalizes an earlier result of Sperner, who had studied the case r = 2. Ho&berg and Hirsch 
proved that there is an essentially unique maximal F-system containing M* elements and they 
characterized this system. In this paper, the author stildies s-systems with a certain type of rc- 
striction. The cardinality of the maximal s-system which can be achieved sub.ject to this restric- 
tion is determined and the uniquerress of the ma.ximai s-system is investigated. t 
5 1. Introduction 
The problems tudied in this paper have evolved from ideas developed 
by Sperner [4]. A non-empty class @ of subsets of a finite set St is cal- 
led a Spewer family if no set in <p is a subset of any other set in +. The 
number of sets in Q, is called the size of @ and is &Doted by 1@1. (We will 
denote the cardinality of any set A by IAl.) A Syerner familjr CD* is 
called a maximalfamily if there does not exist a Sperne; family Qi whose 
size exceeds that of cP*. Sperner proved that there is esseritially only one 
maximal family and determined its size and structure. 
Meshalkin [3] generalized the notion of a Sperner family ini the follow- 
ing way. Let 2a denote the power set of a set fi of cardinality f1. A map 
6: { 1,2, . . ..r} -* 252 such that S(i) n S(j) = 0, i # j, and 
will be called an r-decomposition of 52. Consider a set 0; of r-decomposi- 
tions of 52. Put 
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hi = (s(i)1 6 E 0) 3 i Z 1729 . ...P l 
(Naturally, if 6 E O, f E c)’ and S(i) = g(i), this set appears oily once in 
Ai.) We shall call CJ an s-gcztern (If order Y if, for each i, Ai is a_ Sperner 
Ifamily. Moreover, we say that s is “based on St”. Clearly, Sperner 
families can be identified with s-systems of order 2. Meshalkin proved 
that the cardinality of u cannot exceed &I*, where 
n! I’ \ 
M" = max 
nl !kz2! . ..n.! 1 c i=l ni=Yl . 1 
Hochberg and Hirsch [ l] f)roved that there is an essentially unique max- 
imal s-system containingICf* elements and they characterized this sys- 
tem. In this paper, the author studies -systems with a certain type of 
restriction. The size of the maximal s-system which can be achieved sub- 
ject to this restriction is determined and the uniqueness of tie maximal 
s-system is investigated. 
52. The size of the maximal s-system 
Let o be a set of r-decompositions based on a. We now impose the 
res’triction that 
&i-&E_ IS(i)1 = pi, i = 1,2, . . . . r , 
wh=C’l, P2,-,& are given constants. Intuitively, this means that the 
average cardinality of thle sets in the ifh position, i = 1,2, . . . . r, is fixed, 
where the ifh position consists of all the sets S(i), 6 E O, with repeti- 
ed. Motival:ed by ideas due to Lube11 [ 21, we derive an cx- 
pressiojr for the size of the maximal s-system subject to this restriction. 
Let (Jo be an s-system of order r based on 62, lsll = n, which 
satisfies the \zondition 
lG(i)l = pi , i = 1,2, . . . . E’, 
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w&rt? p1. P2 9 d$ are given constants. Then 
(2) loi <, min ( n! ,M” 9 1 
where I’ represents the gamma ficmtion defined by 
I-(t)= f e-xxt-l & . 
0 
Proof. For simplicity of notation, 
note the set of all permutations T
weputS+ (1,2 ,..., n} .LetY’de- 
: 52 -+ s2. We use the: cor.ventional 
symbol “{m)} ” for the singleton set whose only member is r(“). To 
each r-decomposition 6e o we associate r + 1 sums, Si(S), i = 0, 1, ._., r, 
and a set E, c 7’, defined by the equations 
i=O, 
i = 1.2 ,..., r, 
and 
E, = (no 7’ I 6(i) =J sii,cs,+l (n(i)} ,i = 1, L..,r} . 
‘= . 
z- 
It is evident that 
IE, 1 = fi 16(i)l! . 
i=l 
Suppose that 6 and f are two r-decompositions in o such that 
nEl#i8.Letn,~E, nE,.Since 
, 
6(l) = 
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and 6( I ), c(l) are by definition elements of a Sperner family, we must 
nave S, (6) = S, (5) and 8( 1) = c( 1). By induction it follows easily that 
ii(i) = c(i), i = 1,2, *.., r. Thus, if (Ij and c are distinct r-decompositions in
Lf, . 
E, n E, = 0 . 
Since Ug, h, E, c: 7’ and jr’1 = FZ!, it follows that 
r 
(3) I u E, I = c LIE&= z) h @(i)l!<_n!. 
SEU SEU SEo i=l 
Recalling that T(k+ 1) = k?, where k is a non-negative integer; ‘3) be- 
comes 
C in IW(i)l -+ 1) < n! . - 
6Eo i=l 
Using the integral definition of the gamma function, we obtain 
Using ( 1) alld the familiar inequality between the arithmetic and geom-: 
etric means, it follows thalt 
Substituting (5) into (4) yields 
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IfM* ( nf /(& I?@,+ l)), using Meshalkin’s Theorem [ 31 -we con- 
clude “chat 
(7) loI <,M* . 
Combining (6) and (7), we obtain (2) . 
53. Uniqueness of the maxknal s-system 
We now investigate the uniqueness of the maximal s-system srlbject 
to the restriction imposed by ( 1). 
Theorem 2. rf pi, i = 1,2, . . . , r, are positive integers uch that Zr= 1 pi = IV, 
the set of all possible r-decompositions such that 
IS(i)1 = flip i = 1,2, . . . . r, 6 E CT, 
is the unique s-system satisfying ( 1) anti having size 
min 1 n! ,j,f* 1 . 
i?r(fii+l) 
i=Il 
If some pi, i = 1, 2, . . . . r, is not an integer, the bound given in (2) rs not 
achievable. 
PrOOf. Assume pi* i = 1 s 2, . . . . r, are all positive integers. First, we con- 
sider the case 
min 1 n! ,M* r Iz! 
fl r(@i+l) 
1 . 
‘iz 1 
fl r(flii-+ 1) l 
i=i 
If o is a maximal. s-system, one must have equality in (S), since if the 
inequality is strict at some point, then by continuity the inequality is 
strict in some neighborhood of that point, which implies strict ir??qual- 
ity in (6). Hence, the arithmetic mean and the geometric mean in (5) 
are equal which implies that Hi= 1 _..i s(i)’ is constant for all x1 , x2., . . . , s,, t 
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6 E O, Using a proper chcjice of x+ ,x2, ...5 x,, one can easily show that 
16(i)( is constant for all 81 E U, i =:= 1,2!, .. . . r. Thus a necessary condition 
for equality in (5) is 16(@ is constant which implies IS(iil= &, I = 1, 
3 1Mz, . . . . r, 6 E a Since loI = n! /(II;= l I’(&+ l)), o has the structure de- 
scribed in Theorem 2. 
If any&, i= 1,2 ,..., r,, say &,, is not an integer, it is impossible for 
lsi(~)( to be constant. Thus equality cannot hold in (S), which implies 
strict inequality in (6). 
If the bound in (2) is M”, using the main theorem of Hoc%erg and 
Hirsch [ t I, we conclude that t7 has the structure given in Theorem 2. 
Combrning Theorems I and 2 for the special case r = 2, yields the 
follo3ving result for Spemer families: 
Cmollary. Let @ be a Spernerfamily based c*n 52, 101 = n, with the 
memge cardinality of the sets in l+ equa: to fl. Then 
Q.8) 1 Pi! n Pi ’ min r@*l)$(n--p+l) ’ [$,l ( )I ’ 
with equality holding if and only <!f 9 consists of all the subsets of SZ 
of cardinality /3. If p is not an inte,ger, the bound @am in (8) 3 r:ot 
achievable. 
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